In this paper, it is shown that the dilation of a harmonic quasiconformal function is a subharmonic function.
Introduction.
Let D be an open simply-connected domain in the complex plane C. A real-valued function <p is said to be in class Cr in D if the partial derivatives of <p of order k^r exist and are continuous in D. Iff=u + iv is defined in D, we will say fe Cr if u and v are in class C. All functions considered in this paper will be assumed to be in C" where r^3 and the Jacobian matrix of/will be denoted by Jf. It is well known that a sufficient condition for /: D^-C to be orientation-preserving and locally 1:1 is that det//(z) be positive in D. If / is differentiable and quasiconformal in D, the first complex dilatation of/at a point z e D is given by u=fi/fz and the second complex dilatation off is v=f/fz.
For the first case, one considers the set W of functions defined and differentiable in D such that if g e W, gz=pigz. This system is called a Beltrami system and it is well known that W is an algebra over the field of complex numbers and that if g e W, then g is locally quasiconformal in D except for at most a countable set E having no limit point in D. (Recall that we have assumed that/e C where r = 3.) We will be considering the second case. Let W be the set of functions defined and differentiable in D and such that if g e W, then g¡=vgz. This system was studied extensively by L. Bers who called elements of W "pseudo-analytic functions of the second kind" [2] . As in the first case, if g E W, then g is locally quasiconformal in D except for at most a countable subset E having no limit point in D. A tedious but elementary computation shows that v can be written in the form where f*=p + iq is a complex-valued function satisfying a system of the form f* = Af* + Bf* [3] . Bers called functions satisfying a system of this kind "pseudo-analytic functions of the first kind." It is not difficult to show that v and xß + ia2 are holomorphic if and only if/ is harmonic. Futhermore, if a/S + /a2 (hence v) is holomorphic, then vrlf* = a-1(/}+/a) is also holomorphic and for f*=p+iq such that a-1/* is holomorphic in D,f* determines a harmonic function/, which is unique up to an additive constant, such that f = vfz. Proof.
Let a and ß be the coefficients of the Bers system determined by /and let M=«.2 + ß2 + o:-2. Then D=2^iM+iM2-4)1/2).
Note that iff is holomorphic, then M=2, D=l, and the theorem holds. We suppose Mj¿2. An easy computation shows that
Since aß+ict2 is holomorphic, we obtain that ßx = 2ay -ßx-lax and ßy = -2ax-ßa.-1cty. It follows that A/2+M2=4«-2(A/2-4)(a2 + a2) and AM= 8<x-2M(a2+a2). Substituting, It is easy to verify that if aß + ia.2 is univalent in D and if/has no umbilical points in D, then for every open set i/cfl, Df has neither a maximum nor a minimum in R. If, however,/has an umbilical point at z0, D has an absolute minimum at z" but need not be differentiable at that point.
